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This note gives a few key definitions of probability
theory and a very brief summary of the three rules
for the manipulation of probability distributions.

The probability density function (PDF) of an un-
certain or random variable x is denoted p (x). For
an N -dimensional random vector x, the PDF p (x) is
defined as a functional mapping RN 7→ R such that

p (x) ≥ 0, for all x

and ∫
p (x) dx = 1

The joint PDF of vectors x and y is denoted
p (x,y). The marginal density of x is the distribution
of x for any value of y, and is computed as

p (x) =
∫

p (x,y) dy (1)

Two random vectors are independent if and only if
their joint PDF is equal to the product of their mar-
ginal densities.

p (x,y)
indep
= p (x) p (y) (2)

The conditional density of x for a particular given
value of y is denoted p (x|y), and defined as

p (x|y) =
p (x,y)
p (y)

(3)

If x and y are independent, then p (x|y) = p (x).
Algebraic manipulation of PDFs is based on three

rules: the product rule, the sum rule and Bayes the-
orem. (For generality, we include the value H in
the following definitions, which represents all other

known or assumed quantities.) The product rule (or
chain rule) is derived from the definition of condi-
tional probability (Equ. 3).

p (x,y|H) = p (x|y,H) p (y|H)
= p (y|x,H) p (x|H)

(4)

The sum rule follows from the definition of marginal-
isation (Equ. 1).

p (x|H) =
∫

p (x,y|H) dy

=
∫

p (x|y,H) p (y|H) dy
(5)

The sum rule is also known as the “total probability
theorem”. Bayes theorem (or Bayes rule) is derived
from the product rule.

p (x|y,H) =
p (y|x,H) p (x|H)

p (y|H)

=
p (y|x,H) p (x|H)∫
p (y|x,H) p (x|H) dx

(6)

The denominator of Equ. 6 is independent of x, so we
often treat it simply as a normalising constant, such
that p (x|y,H) integrates to one. For many estima-
tion problems, we are only interested in computing
the posterior up to proportionality, and the denomi-
nator may be neglected altogether.
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